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Forord

| denne rapport praesenteres en teori samt en praktisk metode til fiernmaling af turbulens i det
atmosfeeriske graenselag.

Metoden baserer sig pa malinger med en jordbaseret vind lidar.

Vind lidaren er i dette tilfeelde udstyret med et scannende prisme hvorved lidaren kan opereres i
den sékaldte "Velocity Azimuth Display” (VAD) scanning mode, det vil sige, lidaren kan med sin
laserstrale fokuseret pa den gnskede malehgjde scanne vinden rundt pa en cirkel over jorden.
Samtidig registrerer vind lidaren den i malepunktet gjeblikkelige vindvektors projektion i den
skannende laserstrales retning.

Med udgangspunkt i lidarens Doppler-skift bestemte radiale vindhastighedskomponenter udvik-
les en metode til bestemmelse af "Dissipation-rate” af turbulensen fra malehgjden.

Resultat har praktisk betydning for remote sensing baseret maling af atmosfaerisk turbulens
(dissipation rate), iszer for tilfeelde hvor vindhastigheden i malehgjden er for lav til at "Taylors

frozen turbulence hypothesis” kan bringes i anvendelse til omregning mellem tid og rum, eller
frekvens og bglgetal.

DTU Risg Campus, August 2012

Torben Mikkelsen
Professor in Remote Sensing for Wind Energy

DTU Wind Energy E-0008(EN)



Summary

This report presents a theory and a practical method for remote measurement of turbulence in
the atmospheric boundary layer.

The method is based on measurements from a single ground-based scanning wind lidar.

The wind lidar is equipped with a scanning prism devise by which the lidar may be operated in
the so-called "velocity azimuth display” (VAD) scan mode, that is, the lidar is able to move or
scan its laser beam focused to the desired measuring height on a full circle or a part hereof
above the ground. While scanning the wind lidar measures the projection of the instantaneous
wind vector at the focus point along the scanning laser beams direction.

A theory including a practical approximation is derived that relates the lidars measured radial
wind speed between two small-displaced arc-scans to the dissipation rate of the turbulence at
the measurement height.

The findings have practical implications for remote sensing-based measurements of atmospher-
ic turbulence (dissipation rate) for cases where the mean wind speed at the measurement
height is too low to for Taylor's frozen turbulence hypothesis to apply for conversion between
time and space, or frequency and wave number.

DTU Wind Energy E-0008(EN)
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Abstract The theoretical basis for determining the dissipation ¢, by measuring the ve-
locity structure function with a CW-laser anemometer has been derived in the case of calm
wind conditions. If thereis awell defined mean wind speed the structure function can be
obtained by having the laser beam pointing in one direction and measure a time series of
the Doppler wind velocity component along the beam. Applying Taylor’'s hypothesis the
structure function can be calculated. This technique was discussed by Kristensen et al.
(2011). Taylor's hypothesis cannot, however, be used if there is no mean wind. Then it
iS necessary to “create” a mean wind by turning the laser beam. Since the instrument is
not moved the beam will describe a cone which could be a VAD-scanning. In any case
the measured velocity componentswill not be parallel and this implies that the measured
structure function will contain a term which is proportional to the total variance. The
theoretical expression for the line-filtered structure function is derived in two equivalent
ways, one in physical space and one in wave-number space, of which the last can be re-
liably evaluated by numerical integration. Also apractical approximate equation, derived
in the physical space, is presented.
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1 Introduction

In a previous study (Kristensen et al. 2011) we discussed the theory for determining the
velocity structure function by means of a CW-laser anemometer with its beam pointingin
one particular direction. Thiswas a slight generalization of the work by Smalikho (1995).
Thebasic ideaisto determine atime series of the Doppler velocity component along the
direction of the beam. Assuming Taylor’s hypothesis we may then obtain the structure
function and, in turn, the rate of dissipation ¢ of specific kinetic energy. The condition for
a successful application of Taylor’'s hypothesisis that there is a mean-wind speed which
is sufficiently large. Under calm or nearly calm conditions this hypothesis does not lead
to satisfactory results. In this case the beam must move in order to “create” a mean wind.
Here we discussthe VAD (Ve acity Azimuth Display) technique for obtaining a constant
velocity flow through the measuring volume. Figure 1 shows the setup. The laser beam
forms the angle ¢ with the ground and moves to describe a cone with a vertical axis. A
point on the beam at afixed distance from the laser describes a circle. On the base of the
cone is shown an isosceles triangle with the vertex o defined by the laser beams at two
different times. On each beam the measuring volume is indicated. The distance from the
laser to the center of this volumeis R. In the following we may safely assume that the
wind speed U is much smaller than Ra cos¢. The same basic approach was suggested
by Banakh et a. (1999). Their theoretical derivation is outlined in much less detail than
wewill present in the following.

2 VAD geometry

Inspection of Fig. 1 shows that the distance between the measuring centers of the two
beamsis the chord

m = 2R cosg Sin(a/2). D

Figure 1. Sketch of the VAD geometry from two different points of view. The directions of
the two beams are defined by the unit vectors» ~ and 5™ . The chord m between the centers
of the measuring volumesis shown. On the base of the coneis shown an isoscelestriangle
with the vertex o and the base with the length m. We use a Cartesian coordinate system
defined by the orthogonal unit vectors (4)—(6). The two vectorsi 1 and i » are shown.

DTU Wind Energy E-0008(EN) 5



We may simplify the derivation of the structure function for the VAD measurement by
working in the plane, defined by two laser beams. Figure 2 is a plane figure defined by

the two generatorsdefined by 5~ and b .

bt a1 b

AJ2 |-4)2

i

Figure 2. The geometry in the plane defined by 5~ and 5. The chord m is shown.

Theangle A between them is given by the equation
m = 2RSIN(A/2).

S0 that
A = 2arcsin(cosg sin(e/2)).

A Cartesian coordinate system is then defined by 5~ and b asfollows

i b~ +b"

TR,

. b= xb"

i3= ——,

T b x b
and

i =13 X1i1.

In the coordinate system defined by (4), (6) and (5) we have

b~ = cos(A/2)i1—SnN(A/2)iz

bt = cos(A/2)i1+SN(A/2)i5.

2

3

(4)

Q)

(6)

(")

(8)
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3 ThelLineFiltered Velocity Field

We consider only isotropic turbulence with zero mean velocity. The velocity field in the
point

X =Xx101+ x2i2+ x3i3 (9

u(x) =ur(x)i1+uz(x)iz +us(x)is. (20

The laser anemometer measures the Doppler velocity component v along its beam direc-
tion b with the line weighting function (Smalikho 1995)

1
B, 3) = — L
TR 2(1 A 1
2 R +
which has its maximum at the distance A = R from the laser and the full width half
maximum (FWHM)

: (11)

R
{=2—. (12
n
Moreover
= koay /R (13)

is a dimensionless parameter expressed in terms of R, the wave number &, of the laser
light and the exit radius a, of the laser aperture. Typical valuesare R ~ 100 m, ko ~
4x108m~1, and ag ~ 2 x 1072 m. We thus consider 1 to be about 15. In order to be able
to carry out the calculationsin the following, we replacetherange0 < A < co by —oc0 <
A < oo. Indeed the filter (11) is normalized over the latter interval. Kristensen et al.
(2011) outlined tools to estimate the normalization error by this approximation. They
found it to be about 2% for u = 15 . Thewidth ¢ in (12) can be assumed small compared
to R. Infact £ is assumed smaller than the vel ocity integral scale which, in turn, is about
the measuring height R sing (Kristensen et al. 1989). Therefore the velocity turbulence
may be considered locally isotropic. The linefiltered velocity isin our approximation

v = / h(, Mvo(2) di, (14)
where
vo(L) = b - u(rb), (15)

with b representing b~ or b™.

Inthelimit u — oo wherethefilter functionis so narrow that the averaging line reduces
to a point, we have

h(co, 1) = 8(A — R) (16)

DTU Wind Energy E-0008(EN) 7



For the two laser-anemometer beams we have

v o= /h(u,)»)vo_()»)d)u, an

vt = / h(, A)vg (L) da, (18)
where

vy (W) =b"-u(b™) = coS(A/2ur(Ab™) —SIN(A/2) uz(rb™) (19)

vF) =bT - u(rb™) coS(A /2) ur(Ab*) +Sin(A/2) uz(Ab™). 20
0 / / (20)

Following Banakh et al. (1999) we want to derive an expression for the linefiltered struc-
ture function

D= ((v+ - v7)2>. (21)
This quantity can be written

D=2+ @ — 2w vt). 22)
We must therefore evaluate

w?) = f B, Ay / h(u, XY A (v vy (1), (23)

(w+?) = f h(u, 1) di/ / R, 2y AN (v (M) vy (A7), (24)
and

(w o) = / h(w, ') dr/ / R, A7) d) (ug (W Yvgd ). (25)

in terms of the maximum point R of 4(u, 1) and the dimensionless filter parameter w.
Defining

Do(4, 2, 1") = (vg (W)vg W) + (vg W )vg (X)) = 2(vg W )vg (W), (26)

we have
o0 oo
D= D(H’a A) = / h(l/«, )\'/) d)"/ / h(l/«, )\'”) d)"”DO(Aa )"/a )"//)~ (27)
—00 —00

8 DTU Wind Energy E-0008(EN)



4 Physical Space

We can evaluate (23) — (25) in terms of the covariancetensor R;; (r) = (u; (x)uj(x +r))
which, in the case of isotropy, can be written

7

il
7+ Rr() 8, (28)

Rij(r) =[Rp(r) — Ry (r)]

wherer = |r| and R (r) and Ry (r) are the longitudinal and lateral covariance, respec-
tively. Therelation (28) implies

Rij(=r) = Rij(r) (29)
R;i(r) = R;;(r) (30)

From the relations (19) and (20) it follows that

(vy (W)vg (M) = COSP(A/2) Ra (" = 1) b7) +SINP(A/2) Ro2(M — 1) b7)

—2¢c08(A/2) SIN(A/2) Ria((A — 1) b7), (31)

(g Wy (W) = cos2(A/2) Rii((V' — 1) bT) 4+ Sin?(A/2) Rpa((2" — 1) b)

+200S(A/2)Sin(A/2) Rio((\" — A)) b)), (32)
and
(vg (W)vg ()
= c0%(A/2) Rit(\'bT — A'b7) — Sin®(A/2) Rox(\'bT — A'b7). (33)
Using (28) we obtain
(vg W)y ) = (v Gvg ) = RL (A" = A)D. (34)

It takes a little more effort to evaluate (33). We note that the argument in R 11 and R2 is
rO )y =T — Vb = —)) cos(A/2) i1+ (W + 1) sin(A/2) iz (35)
and, consequently,
PP ) = O = )2+ 4NN SinP(A)2). (36)
By use of (28) and (35) we get

DTU Wind Energy E-0008(EN) 9



(g W)y (W) =

(W =) cost(A/2) — (W +17)?sin*(A/2)

[RL(r(X', A7) — Ry (r(A', 2"))]

r2(x, A")
+ Rr(r(M, M)[cos?(A/2) — Sin(A/2)]. (37)
This equation can be re-arranged to become
(vg WHv )y = R (r(2', X)) cos A—
(R (V. 2")) = R (3, )] HA S G
(V' — A2 4+ 4X07Sin’(A/2)
Inserting (34) and (38) in (26) we get
Do(A M, M) = 2[RL(IM —A']) — Ro(r(V, ")) cos A]
FARLGG ) = Re (S STA g
A=A+ 4X)'A"8n(A)2)
We wish to express (39) in terms of the structure functions
Dp(p) = 2[RL(0) — RL(p)] (40)
and
Dr(p) = 2[R7(0) — R (p)], (41)

where Ry (0) = Rr(0) are the variance of one velocity component. The equivalent to
(39) then becomes

Do(A, M, 0"y = 2(1—cosA)RL(0)+ Dr(r(X,A"))cosA — D (]A" = )'))

A sinfA

Dr(r(\, ") = Dp(r(V, ) ‘
+[Dr(r(V, 2") = DL(r( ))](AN_)\/)2+4;L/x’sin2(A/2)

(42)

We may now apply the standard expressionsfor the structure functionfor locally isotropic
turbulence. They are

27 (1 2/3 2/3
DL(r)—55F<3)a8 r (43)

10 DTU Wind Energy E-0008(EN)



and

3% (1 2/3 2/3
Dr(r) = 55F<3) A (44)

where ¢ istherate of destruction of specific kinetic energy, also just called the dissipation,
and « the Kolmogorov constant. According to Kristensen et a. (1989) this constant is
approximately 1.7. Inserting (43) and (44) with r given by (36), (42) can be written

Do(A, ), 1) = 2(1 — cosA) R (0)

9 /1
+ e r<§> ag?3 {3 [[(A” A2 4 AN SN (A /21 3c0s A — |1 — x|2/3]

(45)

N A" sin?A
[(}\// _ )“/)2 +4)\‘/)\// sinz(A/Z)]z/S :

Introducing the dimensionlessintegration variablesé’ = A’/R and§” = A" /R in (27) we
get

D(n, A) = 2(1 — cos AR, (0)

3 } 2/3/%O * / /7 * " "
+55F<3)a(eR) ey de’ [ htQu, £ de

x {3 (16" — €)% + 486" sin?(a /213 cos A — 1" — £'27]

é/é”sinz A
, 46
(€ —&)2+ 4&/&”%%/2)]2/3} “o
where
W () = Rh(u, R) = = a (47)

7 pl(l—x)24+1

In the point limit © — oo we can use (16) intheform i * (oo, &) = (& — 1) which gives

D(oo, A) = 2(1—cosA) R (0)

36 /1 1+ 7cosA
+ = r<§) o 23 (2R sin(A/Z))z/s% (48)

When A « 1 the second term on the right-hand side approaches

Dr(RA) = %F(%) ae?B (RA)Y3 (49)

DTU Wind Energy E-0008(EN) 11



which is just the structure function of the velocity component perpendicular to the dis-
placement vector given by (44). This part is not surprising. The first term is a correction
for the two displaced velocity components for not being quite parallel, but forming the
angle A with one another.

Thereis no simple and general theory for the determination of the variance R 1, (0). It can
only be estimated empirically on basis of experimental field observations e.g., data from
the so-called Minnesota experiment (Haugen et a. 1971). We return to this subject in
section 6.

Itis practical to introduce the normalized structure function

D(i, A) — 2(1— cosA) Ry (0)

(50)

We showed in Kristensen et a. (2011) that if the laser beams were parallel the structure
function would up to second order in A be a sum of aterm proportional to A /3 and of
aterm proportional to A2. This leads us to the conjecture that (50) up to second order in
A? can be written

D*(u, A) = a(p) A% + b(n) A% (51)

This conjectureis confirmed in appendix A. Hereit is shown that D*(u, A) for small A
has this asymptotic expansion with the coefficients given by

_T2W/e) A+pu®3

a(p) 50 207 [(2V/3+9)c08(v (1)) —3(v/3p—2)sin(v(w))],  (52)
where
2
v(p) = 3 arccot(u) (33)
and
9 4+ p?
b(u) = —%F(1/3)W~ (54
When p islarge the following appliesto (52)
_9r?(1/6)
a(p) ~ WV-- (55)

For u = 16 the error by using (55) instead of (52) is about 0.2 %.

5 Wave-Number Space

Our main result (46) is a complicated double integral and its evaluation is, from a prac-
tical point of view, rather problematic. However, we shall formulate the same result as
integration in wave-number space with the advantage that the final numerical integration
isessentially just asingleintegral. Thisadmits a much faster and morereliable evaluation
of D*(u, A). First we note that

o o o0
Rij(p) = / dk1 / dk> / dks & (k) e kP (56)
—0o0 —0oQ —0o0

12 DTU Wind Energy E-0008(EN)



where
@i (k) = n(k) [kzal, k,-kj] (57)

is the spectral tensor for isotropic turbulence. Here we cannot use the common expres-
sion’for the streamwise vel ocity spectrum, pertaining to local isotropy,

9
Fr(k) = —5a82/3k*5/3 (58)

because it is not bounded when k& — 0. Instead we shall use the von Karman spectrum
(von Karman 1948)
9 ag?/?

Y= e

(59)

where ¢ is a wave number characterizing the integral turbulence scale. This spectrum is
not based on physical observations but is used only for mathematical convenience. It is
finite for all wave numbersand coincides with (58) in theinertial subrange, and thisisall
what is needed for the following analysis. We use the relation

d /1dF.
Ek)y=kK—(>=5= 60
*) = dk (k dk ) (60)
to obtain the corresponding energy spectrum

k4

— qe2/3
Ek) = as™

(61)

We note that the variance of the longitudinal velocity component R (0) is obtained by
integrating (59) with the result

® 2/3

9
RL(0) = f FL( dk = = B(1/2.1/3) 52/3 , (62)

—00

where B(m, n) = I'(m)I"(n)/ T'(m + n) isthe betafunction.

We go back to (31)—(33) and note that we need to consider only the combinations (i, j) =
(1,1) and (i, j) = (2, 2). Further, we need not to consider k3 in the exponential since
neither b~ nor b™ containsis. This means that the triple integral (56) can be reduced to
adoubleintegral for R11(p), R22(p), and R12(p). In other words,

w23 T 7 L. p k3 + k3
i

ag?/3 24 3k2 +11%3
/dkl dkzsq e'k'p

2
== 1213— 63
g 8(1/2.1/3) E i+ . (63)

—00 —0o0

DTU Wind Energy E-0008(EN) 13



oo oo

2/3 kZ + k3
_ae |kp 3
Raa(0)=7~ / dkl/ deze (q + kF + kS + k3)17/6 s

2 2 2
3q° + 1 + 385 ikp
2 2
(g2 + k5 + k5)7/3

b

_3 B(1/2,1/3) X / dky / dk

and

w23 7 L kakz
R =_ dk /dk e p/ dk
12(p) = / 1 2 @2+ K2+ 12 + kD)1T/6 3

—0o0 —0o0
o
16 2/3 kiko ik
_——B(1/21/3) /dk1/d2 5=z P
(g2 + k2 +k3)7/3

—00

Details in the derivation are given in Appendix B.

Introducing the dimensionless parameters
0 =4gR

and
K =«R

(B 29) and (B 30), in view of £ = 2R/u, become

4 KdK
2, _ 2/3 7 o AeR
(V%) = a(eR)* = B(1/2.1/3) f (0T 1 KD
0

/2
x zi / (30% 4+ 7K? — 4K? cos(20)) exp<—2—K cose) ds,
n 0

and

4 KdK
_ _ 2/3
(") = a(eR) P BU/2, 1/3)/W
0

/2
x zi f ((30% + 7K?) cos A — 4K ? cos(20)) cos(2K sinf sin(A /2))
JT

(64)

(65)

(66)

(67)

(68)

14 DTU Wind Energy E-0008(EN)



exp<_§ {lcos(® + A/2)| + | cos(f — A/2>|}> do. (69)

It would be informative to check if the equations (B 27)—B 30), combined by (22) to the
final result, in the case of point measurements are consistent with (48). In other words,
welet ¢ — 0and u¢ = 2R. Thevariances (B 27) and (B 28) become, not surprisingly,

00 /2
4 KdK 1
i 2y _ 2/3 " Ay 4 2 2
MILrTgO(v ) = a(eR) == B(1/2, 1/3)/ P+ KD B2 /(SQ +7K%) do
0 0
9 a(eR)?® 9 ag?/3
=%B(1/27 1/3)W= %3(1/27 US)W = R.(0) (70)

according to (62). We can now write

%) = lim (%) + ((v®) — lim (v?))

H—>00 JL—> 00

dK

4 [ K
_ B 234 -
= R.(0) — a(¢R) £e B(1/2, 1/3)/ (021 K23
0

/2
x % / [302 + 7TK? — 4K ? cos(20)] [l - e><|0<—2—K COS@)} de ()
"
0

The last term pertains to the small-scale, locally isotropic turbulence and we then let Q,
which isis a dimensionless wave-number measure of the large-scale turbulence, be zero.
We thus conclude that

27 (1 —2/3
<v2>:RL(0)—a(eR)2/3%r<§> (%) . 72)

The corresponding result for (69) is

dK

4 [ K

. — 4\ 2/3 " -

MIergo(v vh) = a(eR) 553(1/2, 1/3)/ (021 KD/
0

/2
x % /((3Q2 + 7K?) cos A — 4K 2 cos(20)) cos(2K sin6 sin(A/2))do =
0

oR)23 2 B(1/2,1/3)

—1/3anl/3
5 e 2 ST4/2

o

x [4K1/3(2Q Sin(A /2)) cosA— Q[SiN(A/2)+SiN(34/2)1K2/320 Sn(A/2)} . (73)

DTU Wind Energy E-0008(EN) 15



Here K, (x) isthe modified Bessel Function of the second kind. For assumed small values
of Q and finite values of A we can expand (73) in apower seriesin Q. Thisresultsin the
following expression

9 11
: — 2t d 2/3 —2/3
MILrTgO(v vT) 553(2, 3) ag/® cosAq

- Er <%> ag?2(2Rsin(A /2))%

1+ 7cosA
s 473). 74
EE 3 +0(q™) (74)

We use (62) on the first term on the right-hand side and clear the O (g #/3)-term to zero:

lim (v"vT) = Ry (0) cos A

L—>00

31+ 78cosA (75)

- a(aR)2/3£F<%) (2R sin(A/2))%

Inserting (75) together with (70) in (22), we retrieve the formula (48) for point measure-
ments.

We may now evaluate (v—v™) by determining the residual lim,_ o (v"v") — (v v™).
We have from (69) and the first equation of (73)

o B 4 r KdK
lim (v"vt) — (v ) =oz(sR)2/3% B(1/2, 1/3)[/W

L—>00

/2
x % / ((30% + 7K?) cos A — 4K? c0s(20)) cos(2K sinf sin(A /2))
0

{1—exp<—§{|cos(9+A/2)|+|cos(9—A/2)|})}d0. (76)

This double integral is convergent in the limit O = 0, corresponding to local isotropy,
and it can be shown that in this case it can be reduced to asingle integral over 6. We have

/2
. 3 /1 1
lim (v vt) — w vt =a(EeR)¥P=T( 2 mz/?’—/G(u,A,e)de, (77)
0
where

16 DTU Wind Energy E-0008(EN)



G, A, 0) = B(1/2,1/3) (7c0s A — 4c08(20))

x {2005(g arctan( 2u8in(A/2) sing ))

3 |cos(f + A/2)| + | cos(d — A/2)]

x [(| cos(0 + A/2)| + | cos(® — A/2)])? + 4u”sSin®(A/2) sjnze]m
— [2usin(A/2) sine)]2/3} . (78)

We can now obtain and expression for D(u, A) by collecting terms as follows. First we
rewrite (22) to

D = 2((v?) — (v vT)). (79

Thefirst term inside the parenthesisis given by (72). The second is determined by refor-
mulating (77) as

/2
3 1
— oy [ -y 2/3 -2/3
(vTvT) = lim (v v") —a(eR) 55F(1/3)pL /G(M,A,Q)d& (80)

L—>00
0

Here thefirst term on the right-hand side is given by (75) so that

(v vt) = RL(0)cosA — a(gR)2/3%r(1/3) %(1+ 7cosA)sin?3(A/2)

/2
f G, A, 0)do b . (81)

0

-2/3
27

+

Finally we get

3 /1
D(u, A) = 2(1 — cosA)Ry (0) + a(sR)2/3%F(§>
/2
/G(M,A,Q) do (82)

0

—2/3
X

3 . 2/3 AN
573 L+ Tcos A)sin (A/2)—18<E) +

or, reformulated by (50),
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i 3 /1
D*(u, A) = %r<§)

/2
/G(M,A,Q)dé . (83

0

3 —-2/3

21/3

u
X

—2/3
(14 7cosA)sin?3A/2) — 18 (%) +

Again, the limiting result to the second order in A and ¢ — 0 becomesidentical to (48).
Numerical experiments confirm that (83) with (78) and D *(u, A) derived from (46) and
(50) are indeed equivalent. For computational purposes use of (78) and (83) is the better
choice, sincethesingleintegral givesfaster and morereliable numerical results. However,
a certain computational precision is needed because there is a good deal of cancellation
among the termsin (83).

6 Discussion

The one-component variance R 1 (0) must be estimated separately because the structure-
function formulation implies that R (0) relates to eddies larger than those which can be
considered locally isotropic. Consequently, we must use semi-empirical equations based
on observational studies and consider the variance of the vertical velocity as represent-
ing Rz (0). For calm conditions with no mean wind the atmosphere is very convective
in which case the convective velocity scale w, can be related to the variance and the
dissipation. Following Kristensen et al. (1989) we have

(wd)oh

]1/3 . )

8
w, = {T
Here g/ T, combining the acceleration of gravity and the atmospheric temperature (in
°K), isthe buoyancy parameter, (w), the vertical turbulent flux of potential temperature,
and & the height of the convective boundary layer. Kristensen et al. (1989) have compiled
the relevant empirical relations. Assuming that the measuring height z is much smaller
than & we find that

3
¢ ~075 “’7 (85)

and

z\2/3 R\?%/3
RL(0) ~ 1.44w? <E> ~ 1.3u02 (ﬁ> . (86)

Here we have assumed that the inclination angleis ¢ = 60° sothat z = Rsing ~ 0.87R.
Combining (85) and (86) we get

R.(0) ~ 1.6 (¢R)%/3. (87)

Banakh et al. (1999) arrived at an expression corresponding to (46). Their result for A «
1 can, in the notation used here, be written
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o0

D, A) = 02 + Cx (eR)?3 f B, &) o' / B, &) de”
0 0

< (€ =)+ g5 AR g7 PR Sy G
3 ((5// _ 5/)2 + S/SHAZ)Z/S

where Banakh et al. (1999) identify C ¢ = 2 as the Kolmogorov constant™.

By a suitable reformulation in the case A « 1 our result (46) can be written (Appendix
A)

D(u, A) = R.(0)A2

g } 2/3/0O % / //OO * " "
+55r<3)a(sR) W, £y de [ (. ") de

18 -3¢ —§)Ha?

3 (& — 5/)2 + S/SHAZ)Z/S ’ (89)

% {((%.// _ E/)Z +§/§HA2)1/3 _ |§.// _ %./|2/3+

Comparing (88) to (89), where in both cases 7 *(u, &) is given by (47), there is one sig-
nificant difference: Banakh et al. (1999) have neglected the term R 7 (0) A2 which is zero
only when A is zero. They have included, however, aterm Gez which is an estimate of the
random error of the measured wind speed due to fluctuations of the photo current in the
detector. We have not included a similar term. Another differenceis that in the integrand
they have missed the term —% (£” — £)2 in the parenthesis in the numerator of the last
term. Also, a more detailed comparison would require that we in (89) correctly replace
the lower limits —oo in the integralsby zero. Thiswould be relevant if 1 isvery small so
that the integrand stretches far into second and fourth quadrant in the &' — &” plane thus
causing D*(u, A), defined by (50), to become negative. For example, Fig. 6 in the last
section showsthat for A = 0.4 >~ 23° D*(u, A) is negativewhen u < 2.

7 Resaults

We have determined D*(u, A) by inserting 4 typical values of u in (83). The one-
dimensional integral is in each case carried out in arange of A from 0.001 to 0.1. The
result is shown in Fig. 3 together with the asymptotic result (51). We note that this result
fals dightly below D*(u, A) given by (83) for the larger values of A. To illustrate this
more directly we have determined the relative deviation defined as

x(, A) = [D* (i, A)eq.s3 — D* (1, A)eqs1]/D* (14, A)eq.83 (90)

which is displayed as functions of A for u = 5, 10, 15, and 20. We note that x (i, A)
increases with both . and A. A contour plot of x (u, A) isshownin Fig. 5.
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001
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Figure 3. D*(u, A) defined by (50) for four values of w. The solid line corresponds to
(83) and the dotted linesto (51).

A more detailed study of (83) shows that this expression can become negative when u
is sufficiently small. It is worthwhile remembering, as shown by (12), that small values
of u means that the width of thefilter £ is larger than the distance R to the center of the
measuring volume. So this peculiarity is hardly of any practical importance. However, we
illustrate in Fig. 6 where in the u—A plane the zero line is. We see that for a given small
value of u thereis an upper limit for A to obtain meaningful results. In this connection
it should be emphasized that the structure function cannot be negative, as the definition

(21) shows.

*We maintain that the Kolmogorov constant & =~ 1.7 pertains to the energy spectrum for locally isotropic

turbulence and suspect that they also find Cx = 27/55T(1/3) a >~ 2.2.

20
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u =20
0.2 /
Q n=15
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x
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uw =10
m=>5
0.0
0.001 0.01 0.1
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Figure 4. The relative deviation (D* (4, A)eq.83 — D* (1, A)eq51)/D* (1, A)eq.83 for se-
lected values of .
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Figure 5. Contour plot of x (i, A).

8 Conclusion

We have, in much detail, derived equations for the determination of the velocity struc-
ture function as measured by one CW-laser anemometer operating in VAD-mode. This
method is useful when the mean-wind speed is zero or very small which may occur un-
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1.0 D*(u, A) <0
0.8
<] 06 /

0.4

0.2 / D*(u, A) >0

0.0
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n

Figure 6. Zero linefor D*(uu, A) determined from the numerical calculation of (83).

der very convective situations. One very important point is that the measured structure
function consists of two terms, one containing the large scale turbulence, namely the to-
tal variance, and the small scale term. The first term must be determined separately by
other means. We have derived two equivalent expressions for this small-scale structure
function, which have the important dimensionless parameter .« = 2R /¢, where R isthe
distance from the laser to the center of the weighing function and ¢ is the width (FWHM)
of this function. The first involves a double integration in physical space. However, it
is difficult to obtain accurate integration results. By transforming the equations to wave-
number space by asimple Fourier transform we obtained an alternative formulationwhich
essentially consists of asingle integration. The numerical integration in this case leads to
accurate and reliable results. It was shown that for an angle A between the two beams
smaller than about 0.02 ~ 1° it is possible to use a simple equation for the small-scale
part of the structure function. It is given as the sum of two terms, one proportional to
A2?/3 and one proportional to A2 The corresponding coefficients are simple functions of
uw=2R/L.
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Appendices

A Physical Space, Details

We shall first give a judtification of how (89) is obtained from (27) and (45), assuming
A « 1. It would not work just to expand Do(A, A/, A7) in a Taylor seriesin A because
certain expansion coefficients would be unbounded when A7 — A’ — 0, thus impeding
the subsequent integration. In order to construct a useful approximation to (45) the idea
isto rewriteit asasum

Do(A, M, )" = dreg + dirreg, (A1)
where dyeg contains the terms with bounded A expansion coefficientsi.e.

2

27 /1
dreg = 2(1 — COS AR, (0) — §F<§)‘m IV — V3. (A 2)

The remaining terms in (45) are irregular since they contain r 2(A’, 1) in fractional pow-
ers. We find

F

dirreg = 5, (A 3)
where

F= ir(})ae% (6012 + 1"2) cos A — 12" (5 + 7c0s(24))) (A 4)

110 \3
and
Y2 ONE
G = {()\// _ )»/)2 +4)J)J’sm2<§)]3 — ()\/2 N2y COSA)%. (A 5)

By expanding dreg and F to the second order in A and replacing G with the approximation
Gapprox e {()\N - )\,/)2 + )L/)L”Az}%. (A 6)

we may construct the approximation

27 (1
Iy — 2 - 2/3
Do(A, ), 1) = RL(0) A +—55r<3> ae

Ia 3 " N2 2
1[M 5O )\)}A

1/3
> I:()\// _ )»/)2 + )\/)\//AZ] _ M// _ )\/|2/3 + =

3 . (A7)

I:()\// _ )»/)2 + )\/)\//AZ]Z/S

from which (89) follows immediately. Numerical experiments and theoretical analysis
show that the impact of the error committed in the approximation (A 6) on the double

integral (27) is O(A%). The mathematical and computational merits of (45) and (A 7)
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are equivalent for small A and A’ # A”; they agree up to but not including the 4th order
in A. Moreover they both satisfy the relation

lim Do(A, A, 1) =0, A8
lim Do ) (A8

and both give the correct point limit Do(A, R, R) in the “diagonal case” A’ = 1" = R,
cf. (48).

Next we shall give an asymptotic analysisof D(u, A), or rather D*(u, A), whichisvalid
inthe limit A — 0. The analysis becomes simpler when we retain the exact denomina-
tor (A 5). If we take (45)), subtract the R (0) term, and divide by 018%, the resulting
expression can be written

9 /1 2 B(§ —n)®+ (1460 — 362 — 3 A?
Dj(A &) =——=T(3)1616 —nl? — - (A9
0 110 (3){ (£2+ 12 — 265 cOSA) 3 }
The corresponding doubleintegral is
D)= [ [ W Gu st @D s, (A 10)

—00 —00

where i* is the scaled and normalized filtering function defined in (47). We shall derive
the following asymptotic expansion applyingto D *(u, A) for small A,

5 11
D*(uu, A) ~ c53(W) A3 + c2(W) A + c113(WAZ +ea(w) A+ -+, (A1l)

and we shall find formulas for ¢s5,3(xt) and c2(w). To accomplish this task we shall work
in the complex domain C and split the components of (A 9)—A 10) and i * as far as
possiblein “atoms’, in away that we shall now describe. The complex decomposition of
h* in partia fractionsis

. 1 1 1,1 1
h(M’Z)_E(Z—c)(z—f)_Zni(z—c_z—E)’ (A 12)
where
c:l—i—L, w > 0. (A 13)

An important building block for performing the first integrationin (A 10) isthe integral

+oo
1= [ 29 (A 14)
Z—cC
where
¢ (2) = (2% + n? — 2zncosA)’ L. (A 15)

We want to use (A 14) withc = 1+ i /u but first it will be taken as a general complex
constant satisfying J(c) # 0. We assume n € R and consider general real values of v
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although we are particularly interested in v = % We make a complex factorization of the
quadratic polynomial in (A 15):

24+ 9% —2z2ncosA = (z —a)(z — b), (A 16)
where
(a,b):n(eiA,e_iA). (A 17

By deflecting the contour in (A 14) we can write

I = Im+ I, (A 18)
where
m= [ 294, (A 19)
z—c
—00
and
+o00
= [ 29q. (A 20)
Z—C
Beginning with (A 20) we have

dz. (A2)

+00
(Z _ a)v—l(Z _ b)u—l
Ip = i—c
a

We make the substitution z = ¢ — (¢ — a)/u and obtain

1
vl
Ip=(a— c)2—2 / ul=2 (1 - u)"_l(l —us )U du, (A 22

c—a

0
which is ahypergeometricintegral. Indeed it can be shown that

_T2-20r©)
P~ T re—-v

—-b
(a—c)2”72F<1—v,2—2v;2—v;C ), (A 23)

c—a

where F = > F1 isthe usual Gaussian hypergeometric function. Applyingthez — 1 —z
transform (A 23) becomes after reduction,

B I'(v) (a — b1 . a-b
Ip_nCSC(va)<F(1_v)F(2v) P F(l,v,Zv,a_C)

—a—0)"" b — c)”—l). (A 24)

Next we consider I, given by (A 19). We have

PN R |
1m=f(z G Al (A 25)

z—¢C
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By substituting z = —u and making the branch interpretation (—1) 2" = 1 we get

du.

—+00
/ (I/l + a)v—l(u + b)v—l
Im - —
u-+c
—a

(A 26)

Thus, if wewrite Im = Im(v,a, b, c) and I = Iy(v, a, b, c¢) we have obtained the for-

mula
Im(v,a,b,c) = —Ip(v, —a, —b, —c).

From (A 18), (A 24), (A 27) we deduce that

7T CSC(27m V)
(a—b)yla—c)b—c)rA—v)

I =1W,a,b,c)=

X(— (a=bla—0o)"b—-c)—(c—a)c—b"II'L-v)

()

F =02 = (b —a)®b— c)—F(l, v v 27 b)).

I'(2v)

a—c¢

We shall aso need theintegral

+o00
I = / Z 9@ dz.

Z—cC

By writing z = ¢ + (z — ¢) we see that this becomes
I =cl + I,

where I was givenin (A 28) and

+00
Iy = / ¢ (2)dz.

Clearly we have

Iy=—lim(cI(v,a,b,c)) <v < —),
cC—> 00

which resultsin

212053 cse(27v) (@ — b)2 — (b — a)2)

I = Ib(v,a,b) =
b ) (@a—brL—vIE+v)
It can be shown that
1 54 —iay 1 /3 1\ /1y . 1 1
10(5,776 , ne )—E ;F(é)F(g)sn 3A|T]| 3.

We shall here need the expansion formula

.1 _1 1 s 1
SNTIA=ATE 4 AT+ O(A5),

(A 27)

(A 28)

(A 29)

(A 30)

(A 31)

(A 32)

(A 33)

(A 34)

(A 35)

26 DTU Wind Energy E-0008(EN)



The next step is to expand the first-integral components 7 in (A 14) and 71 in (A 29) in
power seriesin A, where we take v = % and (a, b) from (A 17). Beginning with 7 we

multiply by 1/(27 i) and thus define

1. .
~,ne'd, ne_'A,C>

JA e = (
acan_z- 3

T

cf. expression (A 28). We see from this that

A1+ AsF
J(A,c,n) = T

where
_ 2 2i A
A1 =T?2/3)(=1+¢* %)y
—iA 3 ia \L —iA L A1
x{(c—e '“m3c—e M3 —(—c+e “n3(—c+e “n)3},
1 .
A2=2%\/§F(§)i(—ce'A+n)Sin%An|n|_%,
2(2\ & iA iA
Az = 23T <§>S|nA(ce —n)(—c+e “nn,
and

51555 = .
3 3 i(c—ncosAd)+nsinA

F:F(l 2 2nsinA )

Here we have used the identity
it —ihi=iva
By expanding J (A4, ¢, n) in powersof A up to the second order we obtain

1 5 11
J(A,c,m) =a-1/3A73 +ap + as/3A3 + az A%+ 0(A7T),

where
e rédi |ns
R AT -
. 2 2
g emm3 = —0)3
BV (n —c)?
I(§)i  4n?+56cn—52 1
as/z = > 3 Inl~3,
1807 (5) n—o
and
. 2 2
2icn (c=m)3 —(n—c)3
az =

3/3 (n—c)*
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(A 36)

(A 37)

(A 39)

(A 39)

(A 40)

(A 41)

(A 42)

(A 43)

(A 44)

(A 45)

(A 46)

(A 47)
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Similarly we have

Jl(AaCa T’): ﬁll<§ﬂ 77€|Aa ﬂe_lA,C)~ (A 48)

By using (A 30), (A 34)—<A 35), and (A 44)—A 47) we get the expansion

J1(A e n) = b_1/3A™ 3 + by + bsjaA? + A2 + O(AF), (A 49)
where
N -3
lhl/?’,:—#znln| ; (A 50)
and
icc—mi—@—oi
c(c—m3—Mm—c
b= ——— , A 51
° V3 (n—rc)? (A 51)
r'(%)i (592 — 19¢n — 40c?) -3
bsj3 = — —0 ) il -, (A 52)
180/7T'(%) (n—ro)
and
2i 2 _ 2 _ _ 2
by = Icn(c—m3—(Mm—0)3 (A 53)

3/3 (n—o)*

Proceeding to the second integration in (A 10) we shall use (A 44)—A 47) and (A 50)—«A
53) to evaluate various expansion coefficients related to individual parts of the expression
(A 9). We begin with the coefficient ¢J” of A° in thefiltered doubleintegral of

2

w(E, n; A) = L . (A 54)
(24 n2—2EncosA)3
By (A 12) we have
1 +00 2
@ = f {ao(n) + o)} ——————dy (A 55)
T m—c)m—o)
—00
with aq givenin (A 45). We need the identity
(6—77)%—(77—6)%=<—g+?i)(n—6)§, (A 56)
whichisvaidwhenn € R, J(c) > 0. Thisgives
1 . _4
ao(n) = S(A+ V30— )73, (A 57)
We shall evaluate the auxiliary integral
+00 o
I(@,n) = / MG (A 58)
n—=c
—00
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wheren € N, o +n < 0, and I(c) > Oasin (A 13). The integration path from —oo to
+o0 is augmented with an infinite semicircle below the real axis going from 400 back
to —oo. In this way we avoid the irregular singularity ¢. The contour only encloses the
simple pole n = ¢. Hence by the Cauchy and Jordan theorems we obtain

I(a,n) = =271 (=20)%u™""%(u— )" (A 59)

We obtain by using (A 55), (A 57), (A 58):
1/1 7 1 - 7
e i _L Z(1— i —__
= M(Z(H |ﬁ)1( 3,2)+2(1 |ﬁ)1( 3,2)). (A 60)
By inserting (A 59) we get after reduction
T I T (A 61)
By the same method we evaluate

2

Cz =— /{612(77) +a2(n)}m (A 62)

with az givenin (A 47). By (A 56) this can be written
1 . _10

az(n) = —Z(L+ 1 Ven(n — )73 (A 63)

Then
1 13 1 -, 13

R e —7(_°

cz_w( (1+|f)c1( = ) ~a I«/é)c[( 3,3)), (A 64)
which reducesto

1
cgyz —52_%;[%(“4—1). (A 65)

Now we replace the model function (A 54) with

u(E, m; A) = 51 . (A 66)

(62 4+ n2 — 28 cosA)é

In analogy with (A 55) we want to determine

o =— / {bon) + Do)} —————dn (A 67)
(n—o)n—o)
with by given by (A 51). By (A 56) this can be written
botn) = A+ i¥Ben — 07+, (A 68)
Then
w1 /1 ) 7 1 . 7
= E(E(H i \/§)cl<—§, 1) +oa-i \/§)cl(—§, 1)) (A 69)
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which reduces to
= 27532 + ). (A 70)

Proceeding to the coefficient ¢’ of A2 we get similarly:

oo
5 = % ZO {b2(n) +Bz(n>}mdn (AT
with
ba(n) = —§<1+ i3 — o) 5. (A T72)
We get

¥ = %(— %(1 +i \/§)czl<— ? 2) - %(1 i \/5)527(—? 2)) (A 73)
which reducesto

¥ = —%2*%*%(“2 112 (A 74)
In completion we note that we of course have the identities

= ey, 3= cgy. (A 75)

Now we determine the coefficients associated with the fractional powers of A and begin
with some auxiliary integrals. We have

“+o00

I ( >—f N
nMEO= o T Td—wm—pr O TR

0

meN O<a<n, c¢R). (A 76)

From this we can derive the integral

B > |t|afl
o) = | o

—00

(A77)

by treating the intervals (—oo, 0) and (0, co) separately. We find

N G Ve ) o
nla,c) = Fl—wo -1 !Cn((—c) + %) csc(ra)

meN O<a<n, c¢R). (A 78)

Moreover we need the integrals

+00
|t|a71

meed= | =

meN, O<a<n+1 c¢R d¢R, c#d) (AT79)
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forn =1, 2, 3. We have

T CSC(war)

Vi, ¢, d) = ﬁ(c((—d)“ +d¥) —d(=c)" + %)) (A 80)
__ = CsC(ma)
vale e d) = = e —aye

X {02((—d)°‘ +d%) + (—c)%cd(a — 2) + *d(a — 2)

— (—0)%d?(a — 1) — *dP(a — 1)} (A 81)
N CsC(ma) 3 o o
Vel e d) = 550 s {ZC (—d)* + d%)

+ (—0)*Ted (o — 3) (o — 2) — *T2d(a — 3)(a — 2)
+2(—c)%cd?(a — 3)(a — 1) + 2¢* T d% (o — 3) (o — 1)

(=) *d3 (@ — 2) (@ — 1) — *d3 (@ — 2) (o — 1)} . (A 82)

Our first goa is to compute the coefficient c{yl /3 for A3 in the filtered double integral
of (A 54). Indeed we have from (A 12)—HA 13):

+00
1 1 1
y. _ - — 2 _
Ci3 = 5 / {a_1/3(n) +a—1/3(n)}n (77 e o E)dr; (A 83)
—00

where a_1,3(n) was given in (A 44). We express c{yl/g, in terms of the functions ¢, and
V1,

R r@i 1
-1/3 Zﬁl“(é) 277 i
o) e wed o] e

which evaluatesto

yy I'(1/6)

c =
Y37 63rT(2/3)u2/3

. . 2 . 2 . 2 . 2
xf3in(=1 = w3 = (i =5 = (=i + w3 + (i + w3

+2(=i =3+ (=i + (=i +(+wh) (A 85)
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By defining
2 arccot
V= =
3 125
we can reduce (A 85) to

w _ A+dIrG)

M= 8 (24 3v3u) cosv + (23 — 3u) sinv)
Y evEar us

Next we eval uate the corresponding coefficient c ), of A 3ie

+0oo

1 _ ! !
69’3 =57 / {as/3(n) +as/3(77)}772<’7 ¢ n— E)dn

—00

Here as/3(n7) was given by (A 46) and can be reformulated as

rdyi 4 63 54¢2
as;3(n) = (&) ( < )Inl_%

+ +
180/7T(§)\n—c (=02 (-0
Let uswrite

ass3(n) + as;3(n) = p1+ p2+ p3

where
_1 1 1
T )
_1 c c
p2 =831 (0= ~ =)
1 6‘2 EZ
ps =S4 (G s~ Gr—z)
r@i
180w (2)
Then

y5y3——P:+P2+P3
Where

=afor(§ ) () (G ) - (2)

8

Py = 63(6‘(153(2, C) - cwz(g, c,E) — sz(g,a c) +E¢3<§, c

)

(A 86)

(A 87)

(A 88)

(A 89)

(A 90)

(A 91)

(A 92)

(A 93)

(A 94)

(A 95)

(A 96)

(A 97)

Py = 54(c2¢4(§, c) _ 62¢3<§, c. E) — Ez¢3<g, Z, c) +52¢4(§, E)) (A 98)

3

32 DTU Wind Energy E-0008(EN)



We can reformulate this in the same way as we did for ¢?”, “1/3 Theresultis

oy _ A4 pA)Pra/erd/s)
5/3 — 2160773/2M2/3

x ((—44 — 514/3u + 5412 + 81/313) cosv

4 (—444/3 + 51 + 54v/3u2 — 8143) sinv) . (A 99)

Now we repl ace the model function with (A 66) in order to determine the coefficients
c 1/3 for A3 and c5/3 for A3. By making A — oo in (A 9) weinfer that

Ciyl/s = C!yl/S' (A 100)
The coefficient ), is given by
1 1
6‘5/3 = ﬁ / {bs/3(n) + bs/s(n)}n( — T E)dn (A 101)

—00

with bs,3(n) asgivenin (A 52). The evaluation of (A 101) follows the same pattern as for
c2)3 and the result becomes

w A+ pdST/era/3)
C5/3 = 3 2
21607213

x {(64 + 1113 + 54u2 + 81v/3u3) cosv
+ (644/3 — 111 + 54+/3u2 — 8143) sin v} . (A 102)

Finally, we have of course the identities
3=l c&j3 = cg)g: (A 103
We are now ready to assemble all the necessary pieces in order to determine the coeffi-

cientsa(u) = cs/3(u) and b(u) = c2(w) inthe asymptotic expansion (A 11). Conferring
with (A 9) we obtain

) = 1?0 (;)
x(6cé73 1205/3 + 605/3 + 147, “13 3™ s 3cY, 1/3) (A 104)
and
b(p) = 1?0 ( )(6ch —12¢) + 63’ + 14cy’ — 3c* — 3y, (A 105)
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which evaluate to (52)—(54). The final asymptotic formulais then
D* (1, A) ~ a() A% + b(p) A%, (A 106)

The relative error of this expression tendsto zero as A — 0. However, the convergence
is not uniform with respect to 1 € (0, oo) since we have

la(u)| - coasp — 0, |b(n)| — occaspu — 0, (A 107)
and
la(pn)] = oo asu — oo, |b()] — oo as u — oo. (A 108)

The best precision of (A 106) is obtained when 1 =~ 1. By a heuristic argument it can
be shown that (A 106) with the coefficients (52)—(54) also holds good for the model (89)
where we have used the approximationsin(A /2) ~ A /2.

B Wave-Number Formulation, Details

We see from (31)—(33) that there are three different vector arguments p which are listed
here for convenience

W =a)b~ = (V —1)(i1C0S(A/2) —ip SiN(A/2)).
p=1 W =)bt = W —1)(i1c0(A/2)+is SN(A/2)). (B1
AMVbT—Xbm = (W =N)i1cos(A/2)+ (A + 1) i Sin(A/2).

The evaluation of (23)—(25) requires the determination of

o0 [o/0]
/h(u,x’) dk’/h(u,k”)dk”eik‘p, (B 2)
—00 —00

with i (u, A) given by (11), in al three cases (B 1). We use the relation for real x

/h(u,x)ei“d,\=e“‘Rexp<—§|x|). (B3
"

—00

Inserting each of the threetypesof p (B 1) into (B 2) we get

o0 o
/h(u,x)d/v / h(p, A"y dA" exp(i " =)k -b7) =
—00 —00
o0 o

/h(u,x/)dk/ f R, A7) A exp(i (A" — A))[k1COS(A /2) — k2SiN(A/2)]) =

—0o0 —0o0
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o0 2
L/ h(u, A) drexp(i Alk1€0S(A/2) —koSIN(A/2)])| =

oo

exp(—¢£lk1€os(A/2) — k2sSin(A/2)])

(B4)
/h(u,k’)dk’ f h(w, 2"y d\" exp(i (A" =\ k-b") =
f h(w, Ay dr/ f h(u, X"y dA" exp(i (A" — A")[k1coS(A /2) + k2 SiN(A/2)]) =
00 2
L/ h(u, A) drexp(i Alk1€0S(A/2) + koSIN(A/2)])| =
exp(—£]k1cos(A /2) + k2sin(A/2)]), (BS)
and
/h(u,k’) dr f h(w, 2"y d\" exp(i [\ k- b =Xk -b7]) =

oo oo

f h(w, Ay dr/ f h(u, X" dA” exp(i [(A" — A)k1cos(A /2) + (A + 2" Yk2sin(A/2)])

—0o0 —0o0

o0

- / h(u, ') di’ exp(—i A'[k1 COS(A /2) — kp SiN(A /2)])

—00

o]

X / h(w, X") dr” exp(i A"[k1COS(A/2) + k2 SIN(A/2)]) =

—00

exp(2i RkpsSin(A/2))

X exp(—g [lk1cos(A/2) — kaSin(A/2)| + |k1cos(A/2) + kzsin(A/2)|]> , (B 6)

where thefilter length-scale is given by (12).
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To determine D as given by (22) we must, according to (23)—25) and (31)—(33), evaluate
eight integrals:

oo oo

Iy = / h(u,)»’)dk’/h(u,/\”)dk”Rn((/\”—)»’)b_),
—00 —00
o o0
Ip= / h(uyk/)dk//h(M,)»”)dk”Rzz(()»”—K/)b’),
—0o0 —0o0
o oo
I, = / h(u,)»’)dk’/h(u,/\”)dk”Rlz((/\”—)»’)b_),
—00 —00
o o0
Iy = f R, ) d/ / h(e, X"y Run (0 = 2)b ),
—0o0 —0o0
o oo
Iy = f h(u, ¥ v/ / R, A" 2 Rap (3" — )b ™),
—00 —00
o o0
I = f R, ) d/ / h(e, XY Ria((A = 2)b ),
—0o0 —0o0
o0 o
= / h(p, Xy dy/ f h(p, 2" 0 Ry (AT — X'b7),
—00 —00
and
o0 o
Ly~ = / h(u, A') d’ f R, A"y A R\ b — 7).
—00 —00

Using (B 4)—(B 6), we get

4 (g% + k§ + k3)7/3

o0 o0
2 as?/3 3¢2 + 3k? + 11432
I = %3(1/2, 1/3) = / dk1 / dko 1 2
—00 —00

2
2= gz B1/2.1/3)

36

x eXp(—£]k1€0S(A/2) — kzsin(A/2))),

@c?® [ [ 3%+ 1U2 + 32
dkq1 | dko > > 573
4z (q%+ kS +Kk5)7/

—00 —00

x eXp(—£]k1€0S(A/2) — k2sin(A/2))),

(B7)

(B 8)

(B9

(B 10)

(B 11)

(B 12)

(B 13)

(B 14)

(B 15)

(B 16)
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- 16 g?/3 kik
Ip= - g B2 1/3)—/dk1/d 2 2

+ K2+ K27/
X eXp(—£]k1COS(A /2) — k2 SIN(A /2)]), (B17)
2 ag?/3 3¢ + 3k? + 1143
+ -
I = B(1/2 1/3) / dk1 dkg( RN
—0oQ —0oQ
x eXp(—£lk1C0S(A/2) + ko Sin(A /2))), (B 18)
ae?3 3q2 + 11k3 + 3k3
+
122— B(1/2 1/3) /dkl dk 2( 2+k%+k%)7/3
—0oQ —0oQ
x eXp(—£|k1€0S(A/2) 4+ ko Sin(A /2)]), (B 19)
o o0
16 ag?/? kiko
Ih=— = , dky [ dk
12 55 4 / l/ 2(q2+k§+k§)7/3
—00  —00
x eXp(—£lk1C0S(A/2) + ko Sin(A /2))), (B 20)
ag?/3 3¢2 + 3k? + 11k2
+/- _ “ q 1 2 ; ;
Ly = B(1/2 1/3) % /dkl f dk> T exp(2i RkoSin(A/2))

Y4
x exp(_é [lk1cOS(A/2) — k2SiIN(A/2)| + |k1COS(A /2) + kzsin(A/2>ll) ., (B21)

and

o0
_ 2 ag?/3 3¢2 + 11k2 + 3k2
I =2 B2, 1/3 /dk /dk 17772 exp(2i RkoSiN(A /2
22 55 (1/2,1/3) ym 1 2(q2+kf+k§)7/3 p( 28iN(A/2))
o o

x exp<—§ [lk1COS(A /2) — k2SiIN(A/2)| + |k1 COS(A /2) + kzsin(A/2>I]> - (B22)
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We may now reformulate (23)—(25) in terms of doubleintegrals over wave numbers. We
get by (31)—«(33) and (B 7)—(B 22)

w24 = 17, C0S* (A /2) + I, SIN?(A/2) — 21, C0S(A /2) SN(A /2) =

2
= B(1/2.1/3)

ae?/3 7dk fdk 392 + 702 + k2) + 4(k2 — k2) c0SA + 8k1kp SINA
4 o @+ K+ K273
—00  —00

x exXp(—~£|k1 C0OS(A/2) — kpSIN(A/2)]), (B 23)

w3 = I} c0S2(A /2) + 15 SNP(A /2) + 215, cos(A /2) sin(A /2) =

2 23 F T 30210 702 4 k2) 4+ Ak2 — k2) COSA — 8kiko SINA
= p/2.1/39 % fdklfdk2q+(1+2)+(2 ) cosA — BkikzSin
55

RS

(g% + k3 + k3)7/3
x exp(—£|k1cos(A/2) + kpSin(A/2))), (B 24)

and

_ _ . 2 2/3
(™ vt) = I}/ 7 co?(A/2) — 1) §n?(A/2) = = B(1/2,1/3) xe
55 A
[o/0] [o,0]
(3% + 7(k3 + k3)) cOS A + 4(k3 — k2) _
x | dkq / dko cos(ul kp SiN(A /2))
[o . (g2 + K2+ k3)7/3

X exp(—g [lk1cos(A/2) — kaSin(A/2)| + |k1cos(A/2) + kzsin(A/2)|]> , (B25)

where we have used the relation 2R = . The quantity D in (22) is determined by (B
23), (B 24), (B 25).

We may reformulate (B 23), (B 24), (B 25) by transforming the doubleintegrals by using
plane polar coordinate as integration variables. The transformation is

i k1 } { cosH }
-k . (B 26)
ko sing

We get

vt = 2 Baj2 1z % ]O wde
v = —
55 ’ 4r ) (g2 + 273
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2
x f (3q% + Tk? — 4?2 cos(A + 20)) exp(—Lx| cos(d + A/2)[)do (B 27)
0

and

( 2> = ( / / ) 82/3/
vy = — B(1/2,1/3
55 ' 4r ) (g2 + K273

2
x /(qu + 7ic? — A% cos(A — 20)) exp(—Lk|cos(® — A/2)|)do (B 28)
0

or, inasimpler form,

oo
—2y _ o2 _ o2y 234 /&
W) =07 =07 = aee BA/21/3) |
0
/2
Xzi /(3q2+7;<2—4K2cos(29))exp(—£/< coyy) db, (B 29)
JT
0

and

o0
4 Kdk
vt = 2/3—31213/7
(l) v ) oE 55 (/7 /)o (q2+K2)7/3

/2
x zi f ((3g% + 7k?) cos A — 4k? cos(20)) cos(iulk SiNO SiN(A /2))
JT
0

exp<_%{|cos(e+m2>|+ |cos<9—A/2>|}) do. (B 30)
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